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Stability of boundary layer flows in different regimes
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Figure 1: Paths to transition for wall bounded flows (Reshotko [10])

model. From the Rayleigh equation one can extract the so-called Rayleigh’s inflection point criterion that states:
if there exists a phase speed with ci > 0 then the second spatial derivative of the velocity, U ′′(y), goes to zero at
one point in the domain. Despite this inspired early work, it is necessary to skip to the dawn of the 20th century
to have a formalized version of the Navier-Stokes equations linearized around a mean flow. This equation for
an incompressible boundary layer has been derived independently by Orr [13, 14] and Sommerfeld [15] since
then carrying their name:
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Being a fourth order equation, one must prescribe four boundary conditions. It is usually considered that the
velocity and its wall-normal derivative are zero at the wall, because of the no penetration condition for the
normal velocity ṽ and the no-slip condition for the streamwise velocity perturbation. For unbounded flows or
semi-bounded flows, velocity perturbations could be considered negligible in the potential core of the flow, far
away from the boundary and therefore there is always a set of homogeneous boundary conditions. Di Prima
and Habetler [16] were the first to prove that for bounded flows the spectrum of the Orr-Sommerfeld equation is
made of an infinite number of discrete eigenvalues that forms a basis in the state space, meaning the spectrum is
complete (Grosch and Salwen [17], [18] and Craik [19]). This is true only for viscous perturbations whereas for
inviscid flows only a continuous spectrum is possible. In case of unbounded or semi-bounded flows, arbitrary
initial disturbances cannot be written in terms of a finite number of discrete modes; therefore the continuous
spectrum completes the function space.
Prandtl [20] was the first to realize the existence of two flow regions around a smooth body: an outer part
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Figure 2: typical neutral curve for a flow stable at the inviscid limit

it is closing for stable velocity profiles in the inviscid limit and it is open if the flow is unstable at the inviscid
limit.

Starting from the three-dimensional Orr-Sommerfeld eq.(1) it is easy to note that the two-dimensional
counterpart, obtained by setting β = 0, has the same solution provided that the corresponding two-dimensional
wave number is

α2D =
√
α2 + β2 , (4)

α2DRe2D = αRe , (5)

from which the following relation could be obtained

Re2D = Re
α√

α2 + β2
. (6)

It follows that if a three-dimensional flow has an unstable mode at a certain Reynolds number, a corresponding
two-dimensional mode is unstable at an even lower Reynolds number. This statement is usually known as
Squire’s theorem. An incompressible boundary layer will start developing two-dimensional disturbances first,
called Tollmien-Schlichting (TS) waves. Only at later stage they will turn into three-dimensional disturbances.
Numerical experiment from Orszag and Patera [28] found that Tollmien-Schlichting waves superimposed on a
boundary layer (representing a boundary layer where the primary instability already evolved) form an unstable
flow and that such instability is inherently three-dimensional. This finding should not be confused with Squire’s
theorem as that theorem refers to primary (TS) instabilities, not secondary ones.

3.0 COMPRESSIBLE BOUNDARY LAYER STABILITY

In 1947, the Bell X1, piloted by C. Yeager, was the first aircraft to break the sound barrier in a level flight. Many
other pilots claimed to have reached Mach 1 in special conditions during the second world war and it is also
worth a note that, when fully operational during the last years of World War II, the German V-2 was routinely
reaching Mach 4 during its descent. The rising interest in supersonic vehicles and all the problems related to
supersonic flight encouraged the scientific community to extend the study of stability to compressible flows.
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where ξ is the transformed streamwise curvilinear coordinate3. Eq.(12) represents the momentum equations
and eq. (13) comes from the energy balance. If the small dependency of the flow on the streamwise coordinate
is neglected, therefore neglecting the right hand side of eq.(12), a self similar solution is possible.

The first theoretical investigation on the subject was performed by Lees and Lin [30] for a two-dimensional
perfect gas temporal problem. They extended Rayleigh’s theorem to compressible flows and they discussed,
first, the supersonic waves moving in the free stream by means of an energy method. They also discovered the
role of the quantity

d

dy

(
ρ
dU

dy

)
= 0 , (19)

which is the compressible counterpart of the d2U/ dy2 = 0 criterion for the incompressible flows.
The most important consequence of eq.(19) is that a compressible flat plate boundary layer, unlike its incom-
pressible counterpart, may be unstable to inviscid disturbances. This fact modifies the neutral stability curve
qualitatively from fig. 2(a) to fig. 2(b). Despite this interesting result the community had to wait for the exten-
sive work of Mack [31–36] before the stability in compressible flows could be completely characterized.
The role of the Mach number is of primary importance and a convenient quantity in the theoretical treatment is
the definition of the relative Mach number

M̂ =
(αU + βW − ω)M
√
T
√
α2 + β2

(20)

that represents the local Mach number of the mean flow along the direction of the wavenumber vector relative
to the phase velocity (see the review of Mack [37]). This allows the definition of a disturbance traveling inside
the boundary layer as subsonic, sonic or supersonic if the relative Mach number is respectively smaller than,
equal to, or greater than one. This definition applies at the boundary layer edge, therefore it also reads

• subsonic: U − cr < a

• sonic: U − cr = a

• supersonic: U − cr > a.

Similarly to what was already proven for incompressible conditions, Lees and Lin [30] could demonstrate that
the presence of a generalized inflection point as in eq. (19) is a necessary condition for the existence of an
unstable wave for a subsonic disturbance, necessary and sufficient for the existence of neutral subsonic waves
and it is sufficient for the unstable wave to have a unique wave number. The treatment implied that the critical
layer, where the wave speed equals the flow speed, is close to the wall so that the respective velocity was small
(i.e. subsonic). This assumption implied that density or temperature had a small rate of change allowing for an

3Two subsequent transformations are applied to the Navier-Stokes equations. The first is the Mangler transformation

dx = (r0(x)/Lr)
2k dx (15)

dy = (r(x, y)/Lr)
k dy (16)

where Lr is a reference length, r0 is the radius of the axisymmetric surface. Next the Levy-Lees transformation is applied, yielding

dξ = ρeµeUedx (17)

dη =
[
ρUe/(2ξ)

1/2
]
dy (18)

where ρe, µe are respectively the density and the viscosity at the boundary layer edge. More details can be found in Cebeci and Smith
[29]
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reason a supersonic flow, with respect to the relative Mach number, can be considered always unstable to
inviscid perturbations, independently of any other parameter. This feature does not have any counterpart in an
incompressible flow.

Compressible flows are strongly influenced by temperature and display different behaviors according to
their specific condition. During his work, Mack [37], identified several families of instabilities which are all
behaving differently to temperature and heat flux. It is a well established result that cooling has a stabilizing
effect for the first mode. This was first deduced on the basis that a compressible boundary layer with an
adiabatic wall has only one inflection point, while another generalized inflection point appears as the surface
temperature is reduced. This second inflection point is slowly rising until it reaches the same height as the first
canceling each other out. As a consequence there is no unstable first mode disturbance. This same reasoning
does not apply to Mack’s second mode, whose existence is controlled solely by the appearance of a supersonic
relative Mach number. In this case it has been shown numerically that cooling the wall is increasing Mack’s
second mode growth rate. It is also worth noting that stability properties of these flows depend also on the free
stream temperature, and different values can lead to substantially different neutral stability curves (see Özgen
and Kırcalı [42]).

Analysis of the continuous spectrum of a compressible boundary layer was performed by Tumin and
Federov [43] who found that it was composed of seven different branch cuts in the complex wavenumber
plane, four of which contribute to the flow field (two acoustic branches, one entropy and one vorticity branch).
The other three have a very large imaginary part and decay over a small distance. Later, Balakumar and Malik
[44] found that the field near the source of disturbance is represented by the continuous spectrum and the first
few unstable modes. They conjectured that similarly to the incompressible case, a compressible boundary layer
has only a finite number of discrete modes, nevertheless they could not prove it.

4.0 HYPERSONIC BOUNDARY LAYER STABILITY

Unlike the differences between supersonic and subsonic flows where the physics and the nature of the equations
change substantially, the transition from high supersonic speed to low hypersonic and beyond happens without
any sudden change. Nevertheless a few new interesting features appear in a hypersonic flow: a strong shock
in front of the body, the entropy layer, high heating at the wall, strong viscous interaction and eventually
chemical reactions (see Anderson [45]). Each of these aspects has a specific influence on the flow stability,
though the most notable effect is due to the increase in temperature. A great amount of energy is transformed
into heat and if temperature passes a certain threshold, air cannot be considered anymore as a single gas but
rather as a gas mixture. Above 2000K molecular oxygen starts dissociating and at 4000K the same happens to
molecular nitrogen. At even higher temperature ionization occurs as well, increasing the number of species to
be accounted for. Depending on the chemical activity ongoing within the flow around the hypersonic vehicle
(and also on its altitude) different regimes can be identified, ranging from chemical equilibrium to Thermo-
Chemical Non-Equilibrium (TCNEQ).

The choice of one model over the other depends on the flow conditions. Excited molecules interact among
each other by means of collisions and both the exchange of energy and the chemical reactions happen because
of them. Thermodynamic conditions affect this process quite intuitively; high pressure, for instance, packs
more molecules and atoms in the same volume, causing more collisions to happen; on the same line, high
temperature increases the level of excitation of the molecules resulting in a higher number of collisions as well.
The direct consequence is that more equations should be taken into account; a mass equation should be added
for each considered species, and, in case of a thermo-chemical non-equilibrium flow, more energy balance
equations should be taken into account. On the other hand, the highest speeds are achieved in the highest and
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Figure 5: comparison of 2nd modes growth rates between adiabatic and cold Mach 10 flow. Redrawn from [51]

was found by Malik and Anderson [46]. This is due to a reduction of the temperature caused by the chemical

reactions (and the consequent increase in specific heat constants).

It is important to realize that real vehicles have very often conical shapes. For this reason, hypersonic

ground testing is mainly focused on cones. As transition and stability analysis on cones alone is far beyond

the objective of the present lecture, only the work of Johnson et al.[50] is mentioned. They could reproduce

the Reynolds number increase with increasing freestream total enthalpy. As the rate of increase in transition

Reynolds number is greater in air than in nitrogen alone, it is inferred that the lower dissociation energy of

molecular oxygen damps the energy fluctuations, thus lowering the corresponding growth rates. Thanks to

the more complex thermodynamic model, including thermo-chemical non equilibrium, it was possible to test

different chemistry effects showing that according to the type of reactions (endothermic or exothermic) the

resulting flow could be stabilized or destabilized.

A similar work from Hudson et al. [51] compared thermo-chemical non-equilibrium (TCNEQ), chemi-

cal non-equilibrium and chemical equilibrium linear stability solvers. An adiabatic computation at Mach 10

showed that the TCNEQ air model is responsible for the least unstable disturbances due to the stabilizing effect

of the higher wall temperature (for Mack’s second mode disturbances). The most unstable (oblique) first mode

was found to be most destabilized by the TCNEQ model and least destabilized by chemical equilibrium. On

the other hand the second mode showed a different behavior: the chemical non-equilibrium model was slightly

destabilizing, whereas TCNEQ was stabilizing for the specific conditions considered. Moreover, it was found

that the wall cooling was more important than any chemical model used in the calculations (see Fig. 5). The the-

oretical analysis confirmed that even for hypersonic chemically reacting flows a cooled wall induces a decrease

in the transition Reynolds number.

As already mentioned, the strong shock appearing in front of the vehicle represents a well known feature

of hypersonic flows. Its effect on boundary layer stability has been studied by several authors; probably Petrov

[52] was the first to use a linearized Rankine-Hugoniot relation as the shock boundary condition. Cowley
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where Ẽ and F̃ are

Ẽ =


ρ2ũ+ ρ̃u2

ρ̃u22 + 2ρ2u2ũ+ p̃
ρ̃u2v2 + ρ2v2ũ+ ρ2u2ṽ
ρ̃u2w2 + ρ2ũw2 + ρ2u2w̃
(e2 + p2)ũ+ u2(ẽ+ p̃)

 , F̃ =


ρ2ṽ + ρ̃v2

ρ̃u2v2 + ρ2v2ũ+ ρ2u2ṽ
ρ̃v22 + 2ρ2v2ṽ + p̃

ρ̃v2w2 + ρ2ṽw2 + ρ2v2w̃
(e2 + p2)ṽ + v2(ẽ+ p̃)

 (28)

and [Q] = Q1−Q2, [E] = E1−E2, [G] = G1−G2. These equations are in dimensional form, which is valid
for both calorically perfect gas and LTE flows.
It was found that the shock has a stabilizing influence only below a certain wave number threshold and no
substantial effect above it. Herbert and Esfahanian [55] conjectured that the effect of shock is evident only for
wavelengths equal to or greater than the shock height. The wavenumber threshold was estimated to be

αtr ≈ 2π
cosφ

ys
(29)

The stabilizing behavior was further confirmed by Pinna and Rambaud [57] also for reacting flows in chemical
equilibrium where the final growth rates are lower than the ones obtained for a calorically perfect gas (see
Fig. 6). The approximated relation of eq.(29) holds also in those cases. Depending on the specific conditions,
this effect may be of interest in the determination of the N-factor (for a detailed review of the eN method see
Arnal [58]) although this is seldom taken into account.
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energy equation
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